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TREND AND SEASONALITY IN FINANCIAL TIME SERIES

Question How do you model trend and seasonality?
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MODELING TREND

▶ Is the series continuously increasing or decreasing?

▶ For many statistical analysis, especially time series analysis, we require

stationarity: Means and variances do not change over time

▶ If a series continuously grows or declines, its mean is changing – not

stationary
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MODELING TREND

▶ Long-term movement of a series

Tt = β0 + β1TIMEt

▶ Quadratic trend

Tt = β0 + β1TIMEt + β2TIME2
t

▶ Exponential trend

Tt = β0eβ1TIMEt

log(Tt) = log(β0) + β1TIMEt

▶ TIMEt is a deterministic variable, e.g. 1, 2, ..., T
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MODELING TREND

We can estimate trend models using the same techniques as for OLS

(β̂0, β̂1) = arg min
β0,β1

T
∑

t=1

(yt − β0 − β1TIMEt)
2

(β̂0, β̂1, β̂2) = arg min
β0,β1,β2

T
∑

t=1

(

yt − β0 − β1TIMEt − β2TIME2
t

)2

(β̂0, β̂1) = arg min
β0,β1

T
∑

t=1

(

yt − β0eβ1TIMEt
)2

(β̂0, β̂1) = arg min
β0,β1

T
∑

t=1

(log(yt)− log(β0)− β1TIMEt)
2
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FORECASTING TREND

▶ Forecast

ŷT+h,T = β̂0 + β̂1TIMET+h

▶ Interval forecast

[ŷT+h,τ − 2σ̂, ŷT+h,τ + 2σ̂]

▶ Density forecast:

N(ŷT+h,τ , σ̂
2)
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EXAMPLE: LABOR FORCE PARTICIPATION

▶ U.S. Female labor force participation rate over time
• What do we see from this time series plot?
• How should we model this series?

DR. ZONGHAO YANG LINEAR REGRESSION IN FINANCE 7 / 29



EXAMPLE: LABOR FORCE PARTICIPATION

▶ U.S. Male labor force participation rate over time
• How do we model this series?
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EXAMPLE: LABOR FORCE PARTICIPATION

▶ Two trend lines
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EXAMPLE: LABOR FORCE PARTICIPATION

▶ Female labor force with trend line, note the two vertical axes
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EXAMPLE: LABOR FORCE PARTICIPATION

▶ Male labor force with trend line
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EXAMPLE: LABOR FORCE PARTICIPATION

▶ Female and male raw series look totally different

▶ After removing the trend, they don’t look so different!

▶ Time trend can obscure more subtle variation

▶ Model trend first, then look for more detailed variation
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EXAMPLE: TRADING VOLUME

▶ Trading volume on the New York Stock Exchange
• How would we model this series?
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EXAMPLE: TRADING VOLUME

▶ Log volume on the NYSE: Looks linear!
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EXAMPLE: TRADING VOLUME

▶ Exponential trend on NYSE volume data
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MODELING SEASONALITY

▶ Seasonality Periodic changes to the data

▶ The changes are predictable

▶ Example: Beaches are more crowded in the summer than the winter

▶ Example: Gasoline sales; People drive more in the summer

▶ Example: Traffic is worse from 4 pm – 7 pm than 12 pm – 3 pm

• But not on holidays: Interaction between two seasonal trends
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MODELING SEASONALITY

▶ We use indicator variables at regular intervals to capture seasonality

▶ For example, indicator variables for each quarter

D1,t =

{

1 if time t is Spring

0 otherwise

D2,t =

{

1 if time t is Summer

0 otherwise

D3,t =

{

1 if time t is Autumn

0 otherwise

D4,t =

{

1 if time t is Winter

0 otherwise
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MODELING SEASONALITY

▶ We model seasonality by incorporating the indicator variables in our model

St =
s

∑

i=1

γiDi,t

▶ If all the γ’s are the same, we do not have seasonality, and we can drop St

▶ Could have more than one type of seasonality

St =
s

∑

i=1

γiD
1
i,t +

v
∑

i=1

δiD
2
i,t
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FORECASTING SEASONALITY

▶ Realizations

yt = St + ϵt

yt =
s

∑

i=1

γiDi,t + ϵt

▶ Forecast

ŷT+h =
s

∑

i=1

γ̂iDi,T+h

▶ Interval forecast

[ŷT+h − 2σ̂, ŷT+h + 2σ̂]

▶ Density forecast

N(ŷT+h, σ̂
2)
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MODEL TREND AND SEASONALITY

▶ Could combine trend and seasonality

yt = β1TIMEt +
s

∑

i=1

γiDi,t + ϵt

yt = β1TIMEt +
s

∑

i=1

γiD
1
i,t +

v
∑

i=1

δiD
2
i,t + ϵt
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Part II

REGRESSION IN ASSET PRICING
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TYPES OF ECONOMIC DATA

▶ Cross section

• Notation: i = 1, 2, . . . ,N

▶ Time series

• Notation: t = 1, 2, . . . ,T

▶ Panel data Having both cross-section and time-series dimensions

Figure. Panel Data from Final Project
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TYPES OF REGRESSION IN ASSET PRICING

▶ Time-series regression

• Analyzes a single asset over multiple time periods
• The goal is to see how sensitive the asset’s return is to various

systematic risk factors (e.g., market risk premium, size premium,value

premium) over time

▶ Cross-sectional regression

• Analyzes many assets at a single point in time
• The goal is to see which firm characteristics (e.g., size, book-to-market

ratio, momentum) explain the differences in returns across those

assets during that period

▶ Panel regression

• Combine both the dimensions, analyzing multiple assets over multiple

time periods
• The goal is to provide a more powerful test by controlling for both

time-invariant asset characteristics and market-wide time effects
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TIME-SERIES REGRESSION

The general form for a single asset i is:

Ri,t − Rf ,t = αi +
K
∑

k=1

βi,kFk ,t + ϵi,t for t = 1, . . . ,T

▶ Ri,t − Rf ,t : The excess return of asset i at time t

▶ Fk ,t : The realization of the k -th systematic risk factor at time t

▶ βi,k : The factor loading or sensitivity of asset i to risk factor k

▶ αi : Jensen’s Alpha, representing the abnormal return of the asset after

accounting for its exposure to all risk factors

▶ The R2 measures the proportion of asset i ’s return variance that is

explained by the risk factors
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EXAMPLE 1: CAPITAL ASSET PRICING MODEL (CAPM)

Theoretical Model of CAPM:

E [Ri ]− Rf = βi(E [Rm]− Rf )

Time-Series Regression to test the model:

Ri,t − Rf ,t = αi + βi(Rm,t − Rf ,t) + ϵi,t for t = 1, . . . ,T

▶ Rm,t − Rf ,t : The excess return of the market portfolio at time t . This is our

single risk factor (F1,t)

▶ βi : The sensitivity of asset i to movements in the market

▶ If the CAPM holds, the estimated intercept αi should be zero for all assets
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EXAMPLE 2: FAMA-FRENCH THREE-FACTOR MODEL

The Fama-French model extends the CAPM by adding two additional risk

factors to better explain stock returns: size and value

Ri,t − Rf ,t = αi + βi,Mkt(Rm,t − Rf ,t)

+ βi,SMBSMBt

+ βi,HMLHMLt + ϵi,t

The Three Factors:

1. (Rm,t − Rf ,t): The market risk premium, same as in the CAPM

2. SMBt (Small Minus Big): The return of a portfolio of small-cap stocks minus

the return of a portfolio of large-cap stocks. This captures the size

premium.

3. HMLt (High Minus Low): The return of a portfolio of high book-to-market

(value) stocks minus the return of a portfolio of low book-to-market (growth)

stocks. This captures the value premium.
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EXAMPLE 1: CROSS-SECTIONAL REGRESSION WITH

FACTOR LOADINGS

R̄e
i = γ0 + γ1β̂i,1 + · · ·+ αi for i = 1, . . . ,N

▶ R̄e
i : The average excess return for asset i over the entire sample period

▶ β̂i,1: The estimated risk exposure (beta) of asset i , obtained from a prior

time-series regression
▶ γ1: The estimated risk premium

• γ1 answers: "How much extra return is earned for a one-unit increase

in risk (β)?"
▶ αi : The mispricing error

• If an asset pricing model is correct, the αi values should be statistically

indistinguishable from zero
▶ The R2 of this regression is not a primary focus; the statistical significance

of the risk premium (γ1) and the magnitude of the pricing errors (αi) are

what matter
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EXAMPLE 2: CROSS-SECTIONAL REGRESSION WITH

FIRM CHARACTERISTICS

Goal Explain the cross-section of expected returns using firm-level

characteristics

R̄e
i = γ0 + γ′Zi + αi for i = 1, . . . ,N

▶ R̄e
i : Average excess return of firm/asset i over the sample

▶ Zi : Vector of characteristics, e.g. size (log market equity), book-to-market,

momentum

▶ γ: characteristic premia (how expected return changes with

characteristics)

▶ αi : Pricing error / unexplained component for asset i

▶ In practice, characteristics are often standardized (z-scores) to ease

interpretation
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PANEL REGRESSION

Ri,t = γ′Xi,t + ui + λt + ϵi,t for i = 1, . . . ,N and t = 1, . . . ,T

▶ Ri,t : The return of asset i at time t

▶ Xi,t : A vector of explanatory variables, which can include both time-series

factors (e.g., market return) and cross-sectional characteristics (e.g., firm

size)

▶ γ: A vector of coefficients corresponding to the variables in Xi,t

▶ ui : Firm fixed effects, which capture all unobserved, time-invariant

heterogeneity specific to firm i (e.g., management quality, industry)

▶ λt : Time fixed effects, which capture any unobserved shocks in period t

that affect all firms (e.g., macroeconomic news, interest rate changes)

▶ This approach provides a powerful way to isolate the effect of Xi,t on returns
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