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Learning Objectives

= Describe the architecture of a neural network, including input, hidden, and output layers, and
explain the role of activation functions such as RelLU, sigmoid, and softmax in enabling nonlinear
decision boundaries.

= Understand the principles of gradient descent, including backpropagation and optimization
techniques such as momentum and adaptive learning rates.

= Identify key hyperparameters of a neural network, such as learning rate, batch size, and
regularization techniques (dropout, L2 penalty), and develop intuition for tuning them based on
learning curves and validation performance.
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Fundamentals of Neural Networks
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Introduction to the Perceptron

The base architecture

p—

Input data
(features)

—

input
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Introduction to the Perceptron

The base architecture

Input data _|
(featureS) /
input
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Introduction to the Perceptron

The base architecture

Z = EWL'XL'
i

Input data
(features)

input weights sum
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Introduction to the Perceptron

The base architecture

W1 Linear combination of inputs

Z=2Wixi /
i n

y = Wi Xj
i

Input data _J W,
(features)

Looks like a linear regression

input weights sum output
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Introduction to the Perceptron

The base architecture

Bias term

Linear combination of inputs

Z=wy+ z w; X; /
Input data _J W : =e Yy =wy + Z W; X;
(features) . T i

Bias (intercept)

So far, this resembles
a linear regression

input weights sum output
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Introduction to the Perceptron

But how could we separate the red and green points?
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Introduction to the Perceptron

But how could we separate the red and green points?

Z =W +Zwl- X;
i

P

Linear functions result in linear decision
boundaries, regardless of network size
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Introduction to the Perceptron

Why (nonlinear) activation functions?

Z=W0+zwi X
i

v

Linear functions result in linear decision Nonlinear activation functions enable the
boundaries, regardless of network size approximation of arbitrarily complex functions

4 STEVENS INSTITUTE of TECHNOLOGY (nonlinear decision boundaries)

¥ = g(z), where g is a non-linear activation function.
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Introduction to the Perceptron

Classic activation functions
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Tanh RELU
et —e”
9(2) = e g(z) = max(0, 2)
14 14
—:4 0 4= 0 1
Sigmoid Leaky ReLU
1 g(2) = max(ez, 2)
9(2) = — . ;
l1+e withe < 1

s
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Introduction to the Perceptron

The full perceptron: forward propagation

Bias term
oo s _ z Qo O -
(features) i
Z=wy+ z Wi Xi
i

input weights sum activation function  output
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Introduction to the Perceptron

Artificial Neuron vs Brain Neuron

A Typical Neuron

Cell Body
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Terminal Bulb
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Neural Networks

Multi-output perceptron

zj =W, + Z Wij Xi
[

All inputs are densely connected to the outputs. We call this neural network structure a “dense layer.”
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Neural Networks

Multi-output perceptron

9(z1)

g(2;)

g(z3)

zj =W, + Z Wij Xi
[

All inputs are densely connected to the outputs. We call this neural network structure a “dense layer.”
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Neural Networks

Single hidden layer network
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Neural Networks

Single hidden layer network
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Neural Networks

Single hidden layer network




Neural Networks

Single hidden layer network
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Activation Functions for the Output Layer

= Regression task: The final layer is just a single neuron with no activation
y=yg(2) =z

= Classification task with 2 classes: The final layer is a single neuron with the sigmoid activation
function

p— p— I .d p—
y = g(z) = sigmoid(z) T3 oz

= Classification task with K classes: The final layer is composed of K neurons and a softmax function
that combines their outputs through normalization
e’
j=1€”

y; = g(z;) = softmax(z;) = i={1,..,K}

4 STEVENS INSTITUTE of TECHNOLOGY
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Softmax
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Output
layer

[

1.3
5.1
2.2
0.7
1.1

]_.

Softmax

activation function

e~

2.

K
j=1¢

&

Probabilities

0.02
0.90
w—p10.05
0.01
0.02
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Deep Neural Network
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Training a Neural Network
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Loss Function

= Loss Function: L(f(x®; W), y®), where

- x@ arethe inputs, f(-; W) is the neural network

- f(x®; W) is the predicted value

- y® is the actual value

- The loss of a neural network measures the cost incurred from incorrect predictions
= Empirical Loss: J(W) = % LD W), y®)

- The empirical loss measures the total loss over the entire dataset

= Objective of training a neural network
W* = argmin J(W)
|14

4 STEVENS INSTITUTE of TECHNOLOGY
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Common Loss Functions
* Regression (f(x(; W) € R): Mean squared error (MSE)
1 . :
JW) == 0 = f(xD;w))?

= Classification: Cross-entropy loss
- Binary classification (p® = f(x(");lW) € (0,1)): Binary cross-entropy loss

1 . . . .
J) = == [yD 1og(p®) + (1 - y©) log(p™)]
i=1
- Multi-class classification (pt” = f(x®; W) E (O 1)): Categorical cross-entropy loss

Jw) = ——zzyc()logp

i=1c=
- Multi-label classification: Each input belong to multlple classes simultaneously (e.g., image
classification in self-driving)

](W)———ZZ Plogp® + (1 -y log (1 - )]

i=1c=
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Optimization

= Objective of training a neural network
W* = argmin J(W)
w

= The loss function is a function of the network
weights

= If we had only 2 weight coefficients, we could
plot the loss function with respect to the
different combinations of weights

4 STEVENS INSTITUTE of TECHNOLOGY
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Gradient

The gradient of J at the point W, denoted as Vy,,J(W,), is the direction to move in for the fastest
increase in J(W), when starting from W,

Thus, the opposite direction of the gradient points to the fastest decrease in J(W)

N

4 STEVENS INSTITUTE of TECHNOLOGY
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Gradient Descent

= Initialize W, randomly

= ForifromOto M:
Wiy = W; —nVy J(W;)
- nis the step size, also called the learning rate
- M is the maximum number of iterations

= The algorithm continues until the stopping condition
- When || Vi, J(W) I,< € for some pre-set € (Recall V,,J(W) = 0 when function J(W) is at minimum)
- Evaluate the performance on validation data, and stop when not improving

4 STEVENS INSTITUTE of TECHNOLOGY
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Learning Rate

= Step size or learning rate (n) is a hyperparameter

= Small n leads to slow convergence, but large n leads to divergence

Different step sizes have to be tried

Too low Just right

J(8) \ 1(0) \

1(0)

Too high

A —
/

A small learning rate
requires many updates
before reaching the
minimum point

The optimal learning
rate swiftly reaches the
minimum point
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Too large of a learning rate
causes drastic updates
which lead to divergent
behaviors
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Backpropagation
Forward and backward pass: Chain rule

G —(O)—C) - W w))
N N

Z; = WX y=w, 7y

Let’s consider a simple case with two weight parameters, W = (wy, w,)

Gradient forw
2 0) (w1, wp) _ dJ(wi,wy) 09

adw, ay adw,

Gradient for w
1 Jwiwy) _dwiwy) 99 0z

6W1 65; (321 6W1
PyTorch has the autograd function that computes the gradient automatically
YouTube video on autograd from scratch by Andrej Karpathy [Link, Credit to Hitanshu]

4 STEVENS INSTITUTE of TECHNOLOGY
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https://youtu.be/VMj-3S1tku0?si=lKooexa5SiMsre6J

Training Neural Networks with Gradient Descent

Objective: W* = argmin J(W), where J(W) = =7, L(f (x©; W),y D)
w

aJW)
ow

Algorithm

Compute gradient:

1. Initialize weight matrix W

2. Backpropagation: Loop until convergence

a) Forward pass: Compute the predictions
and the loss J(wy, wy)

b) Backward pass: Compute the gradient
with the chain rule

c) Update the weights with the learning rate

3. Return the weight matrix W and the
predictions

4 STEVENS INSTITUTE of TECHNOLOGY
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Local and Global Minimum

= Convergence is not guaranteed, and one may get stuck in a local minimum [Visualization]

= Smaller batch size and momentum help escape from critical points, which have zero gradients

NEGATIVE SLOPE

POSITIVE SLOPE

o

FLUCTUATION
close to the
LOCAL

MINIMUM

"LOCAL

MINIMUM
. GLOBAL Y
B 08 00 0.0 ol - 5
_’ ‘—
Decrease w Increase w
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https://www.telesens.co/loss-landscape-viz/viewer.html

Optimization with Batch

= Batch: A batch is a small subset of the training data used to update the model weights during training
- Typically, we sample the batches at random (without replacement)

= Optimization with batch Batch )
- Initialize W, randomly B
- Compute gradient V,,J1(W,)

Batch
Update W; = W, — nVy,J* (Wp)
- Compute gradient v, J2(W,) > N
Update W, = W; — 1V, J2(W}) Batch
- Compute gradient v, J3(W,)
Update Wy = W, —nVy,J° (W)

= Epoch: An epoch is one complete pass through the entire training dataset
= Shuffle the batches after each epoch

4 STEVENS INSTITUTE of TECHNOLOGY



Small Batch vs. Large Batch

MNIST CIFAR-10

Accuracy vs. Batch Size Accuracy vs. Batch Size
1.00 A
—8— train acc 0.60 —8— train acc

0.98 4 —o— validation acc ' —o— validation acc

0.96 - 0.55 -

0.94 - 0.50
0 0
@ 0.92 @
S S 0.45 A
(v (v
Q Q
® 0.90 - ©

0.40 -

0.88 -

0.86 - 0.35 -

0.84 A 0.30 4

1 10 100 1000 10000 60000 1 10 100 1000 10000 60000

batch size batch size

= MNIST refers to the hand-written digit classification; CIFAR-10 refers to the 10-class image classification

= Smaller batch size has better performance
= What’s wrong with large batch size?
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Small Batch vs. Large Batch

Full Batch

4 STEVENS INSTITUTE of TECHNOLOGY

Small Batch

trainable :
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Momentum: Adaptive Learning Rate

Physical world: Movement has momentum

How can we incorporate this
phenomenon into gradient descent?

4 STEVENS INSTITUTE of TEGHNOLOGY The value of a network parameter w
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Momentum: Adaptive Learning Rate

Gradient Descent

Starting at 9°

Compute gradient g°
Move to 81 = 8% — ng°
Compute gradient g

Move to 8% = 81 —ng?

4 STEVENS INSTITUTE of TECHNOLOGY

=P Gradient
- \]OVvement
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Momentum: Adaptive Learning Rate

Gradient Descent + Momentum

Starting at 6°
Movement m® = 0

Compute gradient g°
Movement m! = Am® — ng°
Move to 81 = 0° + m?
Compute gradient g1
Movement m? = Am! — ng?!

Move to 8% = 01 + m?

4 STEVENS INSTITUTE of TECHNOLOGY

Movement: movement of last
step minus gradient at present

=P Gradient
- \OVvEeMent

==ssnnr \JOovement
of the last step
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Momentum: Adaptive Learning Rate

Gradient Descent + Momentum Movement: movement of last

step minus gradient at present

Starting at 6°

Movement m® = 0 m!is the weighted sum of all the
Compute gradient g° previous gradient: g°, g1, ..., gt !
Movement m! = Am® — ng° mo =0

1 _ o 1
Moveto 8" = 60" +m ml = —ng°

Compute gradient g1

Movement m? = Am! — ng?!

Move to 8% = 01 + m?
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Momentum: Adaptive Learning Rate

Gradient Descent + Momentum
loSS Movement =

Negative of dL/0dw + Last Movement

=P Negative of dL / dw
-==sp Last Movement

- Real Movement

!
q

dL/dw =0

4 STEVENS INSTITUTE of TECHNOLOGY
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Local and Global Minimum

Critical points have zero gradients

Critical points can be either saddle points or local minima

Smaller batch size and momentum help escape critical points

Adam is a very popular optimizer that does all this automatically

Adam: A method for stochastic optimization
DP Kingma, J Ba - arXiv preprint arXiv:1412.6980, 2014 - arxiv.org

... Adam works well in practice and compares favorably to other stochastic optimization methods.

Finally, we discuss AdaMax, a variant of Adam ... Overall, we show that Adam is a versatile ...
Y% Save DY Cite Cited by 202011 Related articles All 19 versions 99

optimizer
optimizer

optim.SGD(model.parameters(), lr=0.01, momentum=0.9)
optim.Adam([varl, var2], 1lr=0.0001)

4 STEVENS INSTITUTE of TECHNOLOGY
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Learning Curve

= Alearning curve is a plot that shows the number of epochs on the x-axis and the loss values on the
y-axis

= Learning curves of model performance on the train and validation datasets can be used to diagnose
an underfit (left), overfit (right), or well-fit (middle) model

Loss Loss Loss
3.5 A ; 1.04

1.0754

1.050 46 0.94
1.025 1
2.5 0.8+

1.000 4

0.975 2.0 1 077

0.950 4 4
1.54 0.6
0.925 1
104 0.5 A
0.900 4

0.4 4

0.875 1

0.5 1 S
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Regularization

Dropout: Randomly dropping some nodes in the network during training to prevent the
network from relying too much on a few nodes

= During training
- In each forward pass during training, dropout randomly disables (or drops) a specified fraction of
neurons in a layer by setting the neurons to zero

- The remaining active neurons are scaled by a factor (often ! ) to ensure that the output
1—-dropoutrate
has the correct expected value

= During inference: When making predictions, dropout is not applied

= Dropout helps the network generalize by preventing it from relying too heavily on specific neurons,
reducing the likelihood of overfitting

Z21
X1
Z12 b1

X2

Z3 V2
X3 /
z »
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Regularization

Early stopping: Stop training when performance on a validation set stops improving to prevent
overfitting

Loss

L0k —— train

——— validation
0.9

0.8 A1

0.7

0.6 1 Early stop here

0.5+

0.4 A

0 100 200 300 400 500
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Regularization

L2-Regularization: Add a penalty to the loss function to reduce model complexity and prevent
overfitting

= Similar to ridge regression

k€enodes of i

min J(W) —— min](W)+/1-Z,El Z Wi
i€layers

4 STEVENS INSTITUTE of TECHNOLOGY
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Summary

Hyperparameters of a neural network that we need to tune

= The architecture of the neural network
- The number of hidden layers
- The number of hidden neurons in each hidden layer
- The choice of the activation function

= Training a neural network
- Batch size
- Learning rate
- Optimization method

= Regularization techniques for addressing overfitting
- Dropout
- Early stop

4 STEVENS INSTITUTE of TECHNOLOGY
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A Neural Network Playground

Link to the Neural Network Playground

Tinker With a Neural Network Right Here in Your Browser.

Don't Worry, You Can't Break It. We Promise.

O Epoch Learning rate Activation Regularization Regularization rate Problem type
4l
000,000 0.03 «  Tanh ~  None - 0 ~  Classification
DATA FEATURES + — 2 HIDDEN LAYERS OUTPUT
Which dataset do Which properties do Test loss 0.512
you want to use? you want to feed in? i @ + — Training loss 0.520

-. 4 neurons 2 neurons
Ratio of training to D

test data: 50%

—e

Noise: 0

ooQo

Batch size: 10

—e

REGENERATE
Colors shows
data, neuronand !
1 0 1

weight values.

D Show test data D Discretize output
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https://playground.tensorflow.org/#activation=tanh&batchSize=10&dataset=circle&regDataset=reg-plane&learningRate=0.03&regularizationRate=0&noise=0&networkShape=4,2&seed=0.81544&showTestData=false&discretize=false&percTrainData=50&x=true&y=true&xTimesY=false&xSquared=false&ySquared=false&cosX=false&sinX=false&cosY=false&sinY=false&collectStats=false&problem=classification&initZero=false&hideText=false
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